This paper treats what we call 'weak geometric liftings' of Galois representations associated to abelian varieties. This notion can be seen as a generalization of the idea of lifting a Galois representation along an isogeny of algebraic groups. The weaker notion only takes into account an isogeny of the derived groups and disregards the centres of the groups in question. The weakly lifted representations are required to be geometric in the sense of a conjecture of Fontaine and Mazur. The conjecture in question states that any irreducible geometric representation is a twist of a subquotient of anétale cohomology group of an algebraic variety over a number field.
Introduction
This paper is motivated by a conjecture of Fontaine and Mazur, conjecture 1 of [FM95] and generalizes the observations made in [Noo01] . The conjecture in question aims to characterize the Tate twists of the irreducible subquotients of the Galois representations arising from theétale cohomology of algebraic varieties over number fields.
To explain the conjecture, fix a number field F and let G F be the absolute Galois group of F. In [FM95, §1] , a representation of G F on a finite dimensional Q p -vector space V p is called geometric if it is unramified outside a finite set of non-archimedean places of F and if, for each non-archimedean valuationv ofF of residue characteristic p, the restriction to the inertia group atv is potentially semi-stable in the sense of Fontaine, see also 4.1. An irreducible representation of G F on V p is said to come from algebraic geometry if it is isomorphic to a subquotient of the Galois representation on a cohomology group H ié t (XF, Q p )(m) for some smooth and proper F-scheme X and integers i and m. The Tate twist (m) has the effect of multiplying the action of G F on H ié t (XF, Q p ) by the mth power of the cyclotomic character. Fontaine and Mazur have expressed the conjecture that an irreducible Q p -linear representation V p of G F is geometric if and only if it comes from algebraic geometry.
The 'if'-part of the conjecture being resolved (see [Tsu99] ), this paper is concerned with some reflexions on the implication 'only if' in the conjecture. We will actually investigate a particular type of geometric representations.
The construction of these representations starts with the choice of an abelian variety A over F. For such an abelian variety, the representation of G F on H 1 et (AF, Q p ) factors through a map ρ A,p :
, where G A is the Mumford-Tate group of A. After reading [Win95] , it is natural to look for an isogeny π : G → G A and a mapρ p : G F → G(Q p ) such that ρ A,p = π •ρ p and such thatρ p defines a geometric representation of G F on V p for any Q p -linear representation V p of G /Q p . This is not exactly the point of view adopted in this paper. As the conjecture of Fontaine-Mazur for representations with abelian image is quite well understood, cf. [FM95, §6] , the centres of the groups occurring above can be considered to be less interesting than the derived groups. For this reason, given the representation ρ A,p : G F → G A (Q p ), we will search for a linear algebraic group G, an isogeny π der : G der → G der A and a mapρ p : G F → G(Q p ) such that π ad • ρ A,p =π ad •ρ p . Here π ad : G A → G ad A andπ ad : G → G ad are the natural projections and the group G ad A and G ad have been identified using the map induced by π der . If such a representationρ p defines a geometric representation of G F on any Q p -linear representation V p of G /Q p , then we will say that it is a weak geometric lift of ρ A,p . An advantage of working with weak geometric liftings is that, by 'correcting' liftings using characters, it is easier to produce geometric representations than if one considers liftings along isogenies.
It turns out that for any abelian variety A/F, there exist a finite extension F ′ /F, a group G such that G der is the universal cover of G A and, for every prime number p, a weak geometric liftρ p : G F ′ → G(Q p ) of the restriction of ρ A,p to G F ′ . We refer to corollary 5.11 for a precise statement. Moreover, it follows from corollary 5.12 that every weak geometric lift of a ρ A,p is dominated by a weak geometric lift to a group G with G der simply connected. We can even conveniently 'normalize' the group G.
It is natural to ask if the conjecture of Fontaine and Mazur is true for any weak geometric lift of a representation associated to an abelian variety. This question is not answered in this paper, but a number of partial results are obtained.
In section 4 we prove the following results. By combining proposition 3.4 and remark 4.10, it follows that for every abelian variety A/F, there exists a group G, a map G der → G der A and, after replacing F by a finite extension, a system (ρ p ) of weak geometric liftings of the ρ A,p such that the group G der is 'not far' from the universal cover of G der A and for any representation V of G, the system of representations of G F on the V ⊗ Q p is isomorphic to the system of p-adic representation associated to an abelian variety.
To be more precise where the first property is concerned, it means in the first place that the group G der /C is the product of its simple factors G i . Secondly, it follows from well-known facts on the Mumford-Tate groups of abelian varieties that these factors are all of classical type (A, B, C or D). For the G i which are of type A k , B k or C k , being 'not far' from the universal cover means that they are simply connected. Where the factors G i of type D k are concerned, the condition is more difficult to state. We have to distinguish two subtypes, D R k and D H k , see 2.3 for the definitions. The G i which are of type D R k in this classification are also simply connected. The factors G i of type D H k are h-maximal in the sense of 2.3, which means that every such G i is a quotient of its universal cover by a subgroup of order 2. Over R, these h-maximal groups are orthogonal groups.
By theorem 4.9, the above system (ρ p ) is maximal in the following sense. For any group G ′ , any isogeny G ′der → G der A such that G ′der is a quotient of G der and any weak geometric lift ρ ′ p : G F → G ′ (Q p ) of ρ A,p (allowing a finite extension of F), the representation ρ ′ p belongs to the tannakian category generated by the p-adic Galois representations associated to abelian varieties and the representations with finite image.
The above statements about Galois representations follow from analog properties of Hodge structures associated to abelian varieties. If A /C is an abelian variety over C, then the Hodge structure on the first Betti cohomology group H 1 B (A /C (C), Q) is determined by a morphism h : S → G A/R , where S = C × as algebraic groups over R. It is show in section 2 that the group G above is actually the Mumford-Tate group of an abelian variety B /C and that the Hodge structure of B corresponds to a morphismh : S → G /R such that h andh have the same projection to G ad A/R = G ad /R . To underscore the analogy with the construction of weak geometric liftings of Galois representations, such an abelian variety B will be called a weak Mumford-Tate lift of A, cf. 2.1.
In section 3 we prove some properties comparing the fields of definition of an abelian variety and a weak Mumford-Tate lift. Using the theory of absolute Hodge motives, the above statements concerning Galois representations are then derived from the corresponding statements about the Hodge structures associated to weak Mumford-Tate liftings.
In the above statements, the abelian varieties with Mumford-Tate group of type D H k stand out as an exception to the general situation. These varieties deserve a separate treatment, and this is the subject of section 5. Let F be a number field as above, A an abelian variety over F and assume that, for the Mumford-Tate group G A , the derived group G der A/C is isomorphic to a product ∏ G A,i of h-maximal groups of type D H k . It can be shown that such abelian varieties do indeed exist. It turns out that the associated system (ρ A,p ) of p-adic Galois representations admits a system of non-trivial weak geometric liftings. The corollary 5.9 states that there exists a group G, such that G der → G der A is the universal cover and, as always after replacing F by a finite extension, a system (ρ p ) of weak geometric liftings of the ρ A,p . These representations are called the p-adic Galois representations of lifted abelian D H k -type. The construction makes use, again, of a liftingh : S → G /R of h : S → G A/R . This time, the existence of the system (ρ p ) follows from [Win95] . When considering weak geometric liftings of Galois representations, these representations of lifted abelian D H k -type are the only 'new' representations that one may encounter. To be precise, let A/F be an abelian variety with Mumford-Tate group G A . For any group G ′ and isogeny G ′der → G der A and any weak geometric lift ρ ′ p : G F → G ′ (Q p ) of ρ A,p (allowing a finite extension of F), the representation ρ ′ p belongs to the tannakian category generated by the p-adic Galois representations associated to abelian varieties, the representations of lifted abelian D H k -type and those with finite image, see corollary 5.12. In the final section 6 we study the representationsρ p of lifted abelian D H ktype. It is proved in 6.2 that such a representationρ p generally does not belong to the tannakian category generated by the Galois representations associated to abelian varieties. The question ifρ p belongs to the tannakian category generated by the Galois representations associated to algebraic varieties, as predicted by the Fontaine-Mazur conjecture, remains open.
Combined with 'standard' conjectures, the conjecture of Fontaine and Mazur implies that theρ p have certain 'motivic' properties. For example, any Frobenius element in G F should act semi-simply on any representation V p of G /Q p and the eigenvalues of the image should be Weil numbers, i. e. algebraic integers of which all complex absolute values coincide. Several of these motivic properties are proved in the final part of section 6.
In addition to their relevance to the Fontaine-Mazur conjecture, the construction of weak geometric liftings has applications to the study of Galois representations associated to abelian varieties. We have seen that for an abelian variety A/F, and for F large enough, the representations ρ A,p :
A is not far from the universal cover. The Galois representation on H 1 et (AF, Q p ) belongs to the tannakian category genereated by H 1 et (BF, Q p ) and the representations associated to abelian varieties of CM-type. This can be usefull because the representation H 1 et (BF, Q p ) is in general easier to study than H 1 et (AF, Q p ). A first example of such an application can be found in [Pau04] . Other applications are to follow in forthcoming publications.
In particular, I would like to thank D. Blasius and P. Deligne for (independently) pointing out, after my previous work on the conjecture of Fontaine and Mazur, that the case of abelian varieties with Mumford-Tate group of type D H k deserved special attention.
1 Preliminaries 1.1 Basic notations. For any field F, we denote by F an algebraic closure of F. The absolute Galois group of F is the group G F = Aut F (F).
For any prime number p, the field Q p is the p-adic completion of Q and C p is the completion of an algebraic closure Q p .
If G is a group and K a field, then Rep K (G) is the category of K-linear representations of G. If G is a topological group (a Galois group for example) and K a topological field, then the representations in Rep K (G) are assumed to be continuous. If G is a linear algebraic group, then Rep K (G) is the category of algebraic representations of G.
If G is an algebraic group, a quasi-cocharacter of G is an element of the direct limit
Giving a quasi-cocharacter of G is equivalent to giving an integer k and a cocharacter µ : G m → G. Intuitively the quasi-cocharacter given by (k, µ) is the kth root of µ.
1.2 Absolute Hodge motives. We will freely use the language of tannakian categories. Everything we need here can be found in [DM82] which is to be considered the authoritative reference for all notions used but not explained in this paper. In particular, if C is a tannakian category, then the subcategory ⊗-generated by a collection of X objects of C is the smallest subcategory of C containing all objects which are isomorphic to a subquotient of a polynomial expression with coefficients in N in the objects contained in X. In such a polynomial expression, + and · are to be interpreted as ⊕ and ⊗ respectively.
For any field F of characteristic 0, let Mot AH (F) be the category of motives for absolute Hodge cycles as described in [DM82] , especially section 6 of that paper. It is constructed as Grothendieck's category of Chow motives except where it concerns the morphisms which are given by absolute Hodge classes, not by cycle classes as for Grothendieck motives. It must be pointed out that by definition, the morphisms between two motives M 1 and M 2 defined over F are the appropriate absolute Hodge classes on the product which are defined over F, i. e. Hodge classes on (M 1 × M 2 )F invariant under the action of G F .
Motives are graded objects, each motive M is a finite direct sum M i , where each M i is a pure motive of weight i. The Tate motive Q(1) is the dual of h 2 (P 1 F ) in the category Mot AH (F).
Mumford-Tate groups.
In what follows, we will assume that F is contained in C. Assume that M 1 , . . . , M r are absolute Hodge motives over F, and let
be the tannakian subcategory of Mot AH (F) which is ⊗-generated by M 1 , . . . , M r and the Tate motive Q(1). Let H B (·, Q) be the fibre functor of C over Q defined by the Betti cohomology H * B (X(C), Q) of complex algebraic varieties. Then the Mumford-Tate group G of C is by definition the automorphism group of H B (·, Q). The connected component of G is reductive and G acts on H B (M, Q) for every object M of C . The fibre functor H B (·, Q) induces an equivalence between C and the category Rep Q (G) . In particular, for M, M ′ ∈ C , one has
i. e. the action of G fixes all absolute Hodge classes defined over F on all objects of C . Moreover, G is the smallest Q-algebraic group with this property. Note that the connected component of G is the Mumford-Tate group of the subcategory of Mot AH (F) which is ⊗-generated by M 1/F , . . . , M r/F and Q(1). When considering only one motive M, the Mumford-Tate group G M of M is the Mumford-Tate group of the subcategory M, Q(1) of Mot AH (F).
For a general subcategory C of Mot AH (F), we define the Mumford-Tate group in a similar way, obtaining a pro-algebraic group.
Subcategories of Mot
AH . An Artin motive is an object of Mot AH (F) with finite Mumford-Tate group. The category of Artin motives is the tannakian subcategory of Mot AH (F) generated by the finite F-schemes. An abelian motive over F is an AH-motive which belongs to the tannakian subcategory of Mot AH (F) generated by the motives of abelian varieties, the Tate motive and the Artin motives. We will write (Artin) F for the category of Artin motives and (AV) F for the category of abelian motives over F. An abelian variety is potentially of CM-type if the connected component of its Mumford-Tate group is commutative and (CM) F is the tannakian subcategory of Mot AH (F) generated by the Artin motives, Q(1) and the motives of the abelian varieties which are potentially of CM-type.
If A is an abelian variety over F, then h(A) = i i h 1 (A), so in most questions concerning abelian motives, it suffices to consider the motives h 1 (A) instead of the h(A). We restrict our attention to the category of abelian motives (AV) F . As explained in [DM82, 6.25], it follows from [Del82a, theorem 2.11] that the Betti realization induces an equivalence of (AV) F with its essential image in the category Hodge of Hodge structures.
Let C be a ⊗-subcategory C of Mot AH (F) and let (G, h) be the associated Mumford-Tate datum. For any object M of C , the Betti realization H B (M, Q) is a representation of G and the Hodge structure on H B (M, Q) is given by the action of S on H B (M, Q) ⊗ R induced by h : S → G /R . Since every Q-linear representation of G is the Betti realization of an object of C , this construction defines a ⊗-equivalence of Rep Q (G) with the essential image of C in Hodge.
If A is an abelian variety, its Mumford-Tate group G A is equal to the Mumford-Tate group of h 1 (A). The connected component of G A coincides in turn with the Mumford-Tate group of the Hodge structure H 1 B (A(C), Q). Let (G, h) be a Mumford-Tate datum. Composition of h with the cochar-acter G m/C → S /C dual to z : S /C → G m/C gives rise to Hodge cocharacter µ : G m/C → G M/C . Alternatively, µ is determined by the condition that G m/C acts on the factor V p,q of the Hodge decomposition as multiplication by z p . Conversely, a pure Hodge structure is determined by giving its weight and the Hodge cocharacter.
1.6 p-adic Galois representations. Let p be a prime number. Theétale cohomology with coefficients in Q p of algebraic varieties overF defines the p-adicétale realization on the category of absolute Hodge motives. The p-adicétale realization of a motive M over F is a Q p -vector space Hé t (MF, Q p ) endowed with a continuous action of the group G F . It follows from standard tannakian theory that the image of
For any prime number p, let (Artin)-Rep Q p (G F ) be the tannakian subcategory of Rep Q p (G F ) generated by the p-adicétale realizations of the objects of (Artin) F . This category coincides with the category of Q p -linear representations of G F with finite image. Similarly, we let let (AV)-Rep Q p (G F ) be the tannakian subcategory of Rep Q p (G F ) generated by the p-adicétale realizations of the objects of (AV) F . As before, in the case of an abelian variety A, it is usually sufficient to consider just the representation on the firstétale cohomology group H 1 et (AF, Q p ).
Restricting to an inertia group at a p-adic place of F, these representations give rise to representations of Hodge-Tate type, cf. [Fon94, §3] or [Ser78] . If I ⊂ G F is such an inertia subgroup and V p is a Q p -linear representation of I of Hodge-Tate type, there is a canonical decomposition
the Hodge-Tate decomposition of V p ⊗ C p . The Hodge-Tate cocharacter is the cochar- 
We say that an abelian motive N with Mumford-Tate datum (G N For each ι ∈ I H , let V /C,ι be the direct sum of the representations with highest weights ̟ 1 and ̟ k if H is of type A and the representation with highest weight ̟ k (resp. ̟ 1 ) if H is of type B (resp. C). For ι ∈ I H,nc , the cocharacterμ ι still acts on each irreducible factor of V /C,ι with exactly two weights. The product over ι ∈ I H of the H /C,ι descends to an algebraic group H over Q and a multiple of the direct sum of the V /C,ι descends to a faithful Q-linear representation V of H.
Factors of type D k .
In what follows, we will focus on the factors of G ad A of type D k , first considering the case k ≥ 5. Fix a Q-simple factor H of 2.4 Lemma. Assume that k ≥ 5 and that α (ι) = α 1 for some ι ∈ I H,nc . Then α (κ) = α 1 for all κ ∈ I H,nc .
Proof. Assume that α (ι) = α 1 for ι ∈ I H,nc and let G der A/C,ι be the simple factor of G der A/C projecting onto H /C,ι . Via the representation of G A on V = H 1 B (A(C), Q), the Hodge cocharacter µ acts on V with two weights. By the table in [Del79, 1.3], this implies that every non-trivial irreducible direct factor of the representation of G der A/C,ι on V C has highest weight ̟ k−1 or ̟ k . As H is Q-simple, the same thing is true for the representation on V C of the simple factors of G der A/C mapping to the factors H /C,κ for the other κ ∈ I H . Using the tables [Del79, 1.3.9], the fact that µ acts with two weights implies that all non-trivial µ κ are dual to α 1 .
If any factor of H /C satisfies the conditions of the lemma, then we say that H and the factors of H /R and H /C are of type D R k . As H was assumed to be Qsimple, the vertices α (ι) 1 form a single orbit for the action of G Q in this case. In the opposite case we say that they are of type D H k . In the latter case, the conjugacy class of the projection of µ to any factor of H /C is either trivial or dual to α k−1 or α k .
Let H /C,ι be a factor of G ad A/C of type D R k and let H /C,ι be its universal cover. For each ι ∈ I H , let V /C,ι be the direct sum of the representations of H /C,ι with highest weights ̟ k−1 and ̟ k . As above, for ι ∈ I H,nc , the projection of the Hodge cocharacter µ to H /C,ι lifts to a quasi-cocharacterμ ι of H /C,ι andμ ι acts on V /C,ι with two weights ±1/2. The product over ι ∈ I of the H /C,ι and a multiple of the direct sum of the V /C,ι descend to an algebraic group H over Q and a faithful Q-linear representation V of H.
As before, for ι ∈ I H,nc , the projection of the Hodge cocharacter lifts to a quasi-cocharacterμ ι of the universal cover H /C,ι , but the group H /C,ι does not have a faithful representation on whichμ ι acts with two weights. This property can only be achieved for a quotient of H /C,ι which can be constructed as follows. For each ι ∈ I H , let V /C,ι be the representation of H /C,ι with highest weight ̟ 1 . We will refer to the quotient of H /C,ι which acts faithfully on V /C,ι as the h-maximal cover of H /C,ι . The group H /R,ι is an inner form of the orthogonal group SO(2k). For each ι ∈ I H,nc , the quasi-cocharacterμ ι acts on V /C,ι with weights ±1/2. The product over ι ∈ I of these h-maximal covers descends to an algebraic group over Q and a multiple of the direct sum of the V /C,ι descends to a faithful Q-linear representation of this group.
We finally consider the case where k = 4, so let H be a Q-simple factor of G ad A such that the simple factors of H /C are of type D 4 . In this case, the automorphism group of the Dynkin diagram permutes the set of endpoints, so the types D R 4 and D H 4 can not be distinguished in the same manner as before. The fundamental difference between the two types is the existence of a Q-linear representation V as above. We formalize this as follows.
Let H /C = ∏ ι∈I H H /C,ι and I H,nc and I H,c as in the general case. For each ι ∈ I H,nc let µ ι : G m/C → H /C,ι be the projection of the Hodge cocharacter. The conjugacy class of each µ ι is dual to an endpoint of the corresponding component of the Dynkin diagram. Let ∆ be the set of these vertices, it contains exactly one endpoint of the ι-component of the Dynkin diagram if ι ∈ I H,nc and no vertices in the other components. Choose ι ∈ I H,nc , let G der A/C,ι be the simple factor of G der A/C projecting onto H /C,ι and let ̟ be the highest weight of some non trivial factor of the representation of G der A/C,ι on H 1 B (A(C), Q). As the Hodge cocharacter acts on H 1 B (A(C), Q) with two weights, the arguments of [Del79, 1.3, 2.3] imply that ̟ corresponds to an endpoint α of the Dynkin diagram of H and that the G Q -orbit ∆ ′ of α does not meet ∆. In particular, there exists a G Q -stable set ∆ ′ of endpoints such that ∆ ∩ ∆ ′ = ∅. The set ∆ ′ contains at least one endpoint in each connected component of the Dynkin diagram.
If there exists a G Q -stable set ∆ ′ max of endpoints of the Dynkin diagram with ∆ ∩ ∆ ′ max = ∅ containing two endpoints in each connected component, then we say that H and the factors of H /R and H /C are of type D R 4 . If there does not exist such a ∆ ′ max , they are of type D H 4 . Assume that H is a factor of G ad A/C of type D R 4 , and let ι ∈ I H . Then the ιcomponent of the Dynkin diagram contains two endpoints α ι and β ι ∈ ∆ ′ max . Let V /C,ι be the direct sum of the representations of the universal cover H /C,ι with highest weights corresponding to α ι and β ι respectively. It is a faithful representation of H /C,ι and as α ι , β ι ∈ ∆, it follows from [Del79, 1.3.9] that, for ι ∈ I H,nc , the liftingμ ι of µ ι to H /C,ι acts on V /C,ι with weights ±1/2. The product of the H /C,ι and a multiple of the direct sum of the V /C,ι descend to a Q-algebraic group H with a faithful Q-linear representation V.
If H /C,ι is a factor of G ad A/C of type D H 4 , then the above set ∆ ′ meets the Dynkin diagram of H /C,ι in one endpoint, corresponding to a fundamental weight ̟. The h-maximal cover of H /C,ι is the quotient of its universal cover H /C,ι acting faithfully on the representation of H /C,ι with highest weight ̟. As in the case k ≥ 5, the product of these data over all ι ∈ I H descends to an algebraic group over Q together with a faithful Q-rational representation. This cover of a Qsimple factor of G ad A of type D H 4 is the h-maximal cover of G ad A . 
Theorem. Let A/C be an abelian variety and let (G

The group G der A/C is the product of its simple factors. The simple factors of types A k , B k , C k and D R
k are simply connected and the factors of type D H k are hmaximal in the sense defined above.
2.6 Definition. Let A/C be an abelian variety, G A its Mumford-Tate group and
-There are a totally real field K 0 and an absolutely simple algebraic group
We say that an abelian variety
Remark. The upshot of this definition is that the abelian varieties arising from the construction of
is a direct sum of the representations constructed in 2.2 and 2.3. See also the proofs given below.
Note that the notion of being (essentially) Mumford-Tate unliftable is a condition on the Mumford-Tate datum of an abelian variety whereas the notion of being Mumford-Tate decomposed pertains to the action of the Mumford-Tate group on the first Betti cohomology group.
Theorem. For every abelian variety A/C there exists a weak Mumford-Tate lift B/C of A such that B is essentially Mumford-Tate unliftable and Mumford-Tate decomposed.
Proofs of 2.5 and 2.8. These results can be derived from the work of Satake, see for example [Del79] . First assume that A verifies the conditions of 2.5.2. We have to show that it is essentially M-T unliftable, so let B be a weak Mumford-Tate lift of A and let G B be its Mumford-Tate group. It has to be proved that the
A is an isomorphism. It suffices to prove this after extension of scalars to C and as the only non-simply connected factors of G der A/C are the factors of type D H k , we only need to consider these factors.
Consider a factor H /C of G der A/C of type D H k to which the Hodge cocharacter projects non-trivially, assuming at first that k ≥ 5. As we saw, the conjugacy class of the projection of the Hodge cocharacter to H /C is dual to one of the vertices α k−1 or α k of the Dynkin diagram. Let H /C be the factor of G der B/C mapping onto H /C . An appropriate direct factor W of the representation of H /C on H 1 B (B(C), Q) ⊗ C provides a faithful representation on whichμ acts with two weights ±1/2. As explained in 2.3, it follows from the tables in [Del79, 1.3.9], that the highest weight of every irreducible direct factor of W is ̟ 1 and hence that H /C is isomorphic to H /C . This proves that 2.5.2 implies 2.5.1 if k ≥ 5.
In the case where k = 4, first note that G der A is the product of its Q-simple factors. Let H be a simple factor of type D H 4 and let H be the factor of G B mapping onto H. Consider H 1 B (B(C), Q) as a representation of H and let W be a direct factor which is a faithful representation of H. Let H /C,ι be any factor of H /C and let W /C,ι be any irreducible direct factor of the restriction of W ⊗ C to H /C,ι . Then the lifting to H /C,ι of the Hodge cocharacter either acts trivially on W /C,ι or with exactly two weights. It follows from 2.3 that H is the h-maximal cover of H and as H was h-maximal by hypothesis it follows that H ∼ = H. This proves that 2.5.2 implies 2.5.1 in case k = 4.
We next show that if A is any abelian variety, then there exists a weak 
For each ι ∈ I H,nc , the projection of the Hodge cocharacter to H ad /C,ι lifts to a quasi-cocharacterμ ι of H der /C,ι . The faithful representation V of H der constructed in 2.2 and 2.3 is of the form V = Res K 0 /Q V s for some faithful Q-linear representation V s of H s,der . These data have the following properties.
-There is a map H der → G der A such thatμ = ∏ ι∈I H,ncμ ι lifts the Hodge cocharacter.
-If ι ∈ I H,nc , and if W is an irreducible factor of V C,ι , then the cocharacterμ acts either trivially on W or with two rational weights r and r + 1.
There exist a torus T over Q acting H der -linearly on V and a quasi-cocharacter µ T of T such that the productμµ T acts trivially on the V C,ι for ι ∈ I H,c and with weights ±1/2 for ι ∈ I H,nc . Let H ′ be the image of H der × T in GL(V) and let µ ′ =μµ T . We choose a quadratic and totally imaginary extension L of K 0 and consider the Q-algebraic group L × . The natural action of L × on L gives rise to a Q-linear representation W of L × . One has 
B , which implies that G A also verifies 2.5.2.
2.9 Remarks.
2.9.1
In the above proof, fix a Q-simple factor H ad of G ad A , let ι ∈ I H and consider an irreducible factor W of the representation V C,ι of H der /C,ι . It follows from [Del79, 1.3] that the highest weight of W is a fundamental weight of H der /C,ι . More precisely, according to the type of H der /C,ι and the quasi-cocharacterμ ι , it is the weight given by the tables of loc. cit. 1.3.9.
2.9.2
With the same notations, assume that H ad is not of type A k with k ≥ 2. In the above construction of the essentially M-T unliftable variety B i corresponding to this factor, we then have r = 1/2. This means that the construction of the intermediate group H ′ can be shunted in this case. It follows that the Mumford-
This argument is also valid for factors of type A k for which all the numbers r are equal to 1/2.
Examples.
2.10.1
Let A/C be an abelian variety arising from Mumford's construction, see [Mum69] . In this case one has G der 
There exist simple abelian varieties A/C for which G ad
A is not simple. One can construct such an example where G der 
For K A and K B sufficiently small, there exist "universal" abelian schemes
in which each arrow is a quotient map for the action of a finite group and hence is a finite morphism (cf. [Del79, 2.7.11(b)]) and such that a and b have the same (G B ). As we saw in 1.5, for any object of W the latter category, the Hodge structure is given by composing the morphism h B : S → G B/R with the action of G B on W.
Let (G A , h A ) be the Mumford-Tate datum associated to A. By hypothesis, there exists a central morphism π :
This makes every Q-linear representation W of G A into a representation of G B and, for any such W, it carries the Hodge structure on W defined by h A into the Hodge structure defined by h B . To prove the proposition it is therefore sufficient to show that V A , considered as representation of G B , belongs to V B , Q(1) Rep . This follows immediately, because V B is a faithful representation of G B and V B ⊗ Q(1) is its dual, so one has
.20] and its proof.
Proposition. Let A and B be abelian varieties over an algebraically closed field
Taking the Betti realization, this inclusion induces a map between the corresponding Mumford-Tate groups. On the derived group, this map is the map π der : G der B → G der 
In the case of V A , the group H acts via
Fix an integer n such that the composite maps Let (CM)-Hodge be the category of polarizable rational Hodge structures whose Mumford-Tate group is a torus. Recall that by [Del82b] , proposition A.1, the functor sending an abelian variety C/F to its cohomology group H 1 B (C /C , Q) induces an equivalence of categories of (CM) F with (CM)-Hodge. It is thus sufficient to show that V A belongs to the subcategory of the category of Hodge structures ⊗-generated by V B and (CM)-Hodge.
We will first show that V ×n A belongs to V ×n B , (CM)-Hodge , arguing along the lines of the proof of 3.3. The groups T A and T B act on V ×n A and V ×n B . Composing these representations with the projections H → T A and H → T B respectively we obtain representations V c A and V c B of H. The Hodge structures defined by composing the maph ×n with these representations are of CM-type.
As 
Over Q, the representation W 3 decomposes as a direct sum of character spaces and it is not difficult to see that the image of the map W 2 ⊗ W ∨ 1 → W 3 contains at least one line in each character space. As W 3 was assumed to be irreducible, this implies that the map is surjective.
In the Hodge decompositions V ×n
, all (p, q) are divisible by n, and it follows that the same thing is true for W 2 ⊗ W ∨ 1 . This implies that there exists a Hodge structure W ′ such that W 3 = W ′ ×n . The Hodge structure W ′ is polarizable and of CM-type because W 3 is polarizable and of CM-type. Repeating this construction for all simple factors W 2 of V ×n A , we find a polarizable Hodge structure W ′′ with commutative Mumford-Tate group such that the Hodge structure V A belongs to V B , W ′′ . This implies that that V A belongs to V B , (CM)-Hodge as required. 
Corollary. Let A and B be abelian varieties over F and let G A and G B be their respective Mumford-Tate groups. Assume that B provides a weak Mumford-Tate lift of A and that G der
are geometric Galois representations. We will say thatρ p is a geometric lift of ρ p if there exists a central isogeny π : G → G such that ρ p = π •ρ p . If ρ p does not admit any geometric lift with ker π non-trivial, it will be called geometrically unliftable. If there exists a central isogeny π der : G der → G der such that there is an equalityπ ad •ρ p = π ad • ρ p thenρ p is said to be a weak geometric lift of ρ p . As in 2.1, the maps π ad andπ ad are the projections G → G ad and G → G ad . The central isogeny π der induces an isomorphism G ad ∼ = G ad , giving a sense to the equalityπ ad •ρ p = π ad • ρ p . We will say that ρ p is essentially geometrically unliftable if it does not admit a weak geometric lift with ker π der non-trivial.
Proposition. Suppose that F ⊂ C is a number field, A/F an abelian variety with connected Mumford-Tate group G A and that B is an abelian variety over a finite extension F ′ ⊃ F such that B /C provides a Mumford-Tate lift of A /C .
The number field F ′ can be chosen such that, for every prime number p, the Galois
1). For every p, the morphism G B → G A then realises the Galois representation on ρ B,p as a geometric lift of ρ A,p .
Proof. By proposition 3.3, the motive h 1 (AF) belongs to h 1 (BF, Q(1) and, for F ′ large enough, this is already the case over F ′ . Taking the p-adicétale realizations, this implies the corresponding statement for the Galois representations. The inclusion of h 1 (A F ′ ) in h 1 (B F ′ ), Q(1) corresponds to a morphism G B → G A and taking the p-adicétale realizations this gives rise to a commutative diagram
proving the proposition.
4.4
As above, assume that F is a number field contained in C. Following the notations of [FM95, §6], let (CM)-Rep Q p (G F ), or (CM)-Rep if no confusion is likely, denote the tannakian subcategory of Rep Q p (G F ) consisting of the potentially abelian geometric representations, in other words, the geometric representations such that the restriction to a subgroup of G F of finite index has abelian image. It follows from [FM95, §6] that (CM)-Rep is the tannakian subcategory of Rep Q p (G F ) generated by the representations factoring through finite groups and the representations of the form H 1 et (AF, Q p ) for A/F an abelian variety which is potentially of CM-type. Thus, (CM)-Rep is the tannakian category of the p-adicétale realizations of the objects of (CM) F .
Proposition. Suppose that F ⊂ C is a number field, A/F an abelian variety with connected Mumford-Tate group G A and that B is an abelian variety over a finite extension F ′ ⊃ F such that the Mumford-Tate group G B is connected and B /C provides a weak Mumford-Tate lift of A /C . For every prime number p, the representation ρ
A,p of G F ′ on H 1 et (AF, Q p ) is an object of the subcategory H 1 et (BF, Q p ), (CM)-Rep Q p (G F ′ ) of Rep Q p (G F ′ ). Via the map G der B → G der A ,
the Galois representation on ρ B,p provides a weak geometric lift of
Proof. It follows from proposition 3.4 that there is a finite extension F ′′ of F ′ such that the motive h 1 (A F ′′ ) belongs to h 1 (B F ′′ ), (CM) F ′′ . As the Mumford-Tate group of h 1 (B F ′′ ), (CM) F ′′ is a pro-algebraic group with derived group G der B , this gives rise to an isogeny π : G der B → G der A and π induces an isomorphism π ad : G ad
This proves all statements of the proposition with F ′′ instead of F ′ . Faltings' theorem, [Fal83, Satz 4] implies that if C is the commuting algebra
). This implies that that the centralizer of the image of G F ′′ in G ad A (Q p ) is trivial. It follows from lemma 4.6 that the diagram 4.5. * also commutes with G F ′′ replaced by G F ′ . Lemma 4.7 implies that the representation
Lemma. Assume that p is a prime number and that G is a connected linear algebraic group over Q p . Let F be a number field and let
Proof. It is sufficient to treat the case where F ′ is a Galois extension of F.
Let δ : G F → G(Q p ) be defined by δ(σ) = ρ 1 (σ)ρ 2 (σ) −1 . This map satisfies the cocycle condition δ(στ) = δ(σ) ρ 2 (σ)δ(τ)ρ 2 (σ) −1 . This implies that δ is constant on the classes σG F ′ for σ ∈ G F . As G F ′ is normal, it follows that δ is also constant on the classes G F ′σ and it follows that for all σ ∈ G F and τ ∈ G F ′ one has δ(σ) = ρ 2 (τ)δ(σ)ρ 2 (τ) −1 . Therefore δ(σ) lies in the centralizer of ρ 2 (G F ′ ) and we conclude that δ is trivial.
Lemma.
Let p be a prime number, G 1 and G 2 connected linear algebraic groups over Q p and π der : G der 1 → G der 2 a central isogeny. Let V 1 be a faithful Q p -linear representation of G 1 and let V 2 be any Q p -linear representation of G 2 . Let F be a number field and let ρ i : G F → G i (Q p ) (for i = 1, 2) be geometric Galois representations such that π ad 1 • ρ 1 = π ad 2 • ρ 2 , where the π ad i : G i → G ad i are the canonical projections and G ad 1 = G ad 2 is the identification induced by π der . Then V 2 is an object of the subcategory of Rep Q p (G F ) ⊗-generated by V 1 and (CM)-Rep Q p (G F ).
Proof. Assume that the lemma is true for a finite extension F ′ ⊃ F. Then Res V 2 is an object of Res V 1 , (CM)-Rep Q p (G F ′ ) , where Res = Res G F G F ′ denotes the restriction of a representation of G F to the subgroup G F ′ . Let Ind = Ind G F G F ′ be the induction to G F of a representation of G F ′ . The above statement implies that Ind V 2 and hence V 2 itself lies in Ind Res V 1 , (CM)-Rep Q p (G F ) . Since Ind Res V 1 = Ind 1 ⊗ V 1 and since (CM)-Rep Q p (G F ) contains the representations with finite image, it follows that Ind Res V 1 and hence V 2 is an object of V 1 , (CM)-Rep Q p (G F ). This proves the statement of the lemma for F and implies that, in the remainder of the proof, we can replace F by a finite extension.
The following argument can been seen as a Galois version of the proof of proposition 3.4, with G 1 (resp. G 2 ) playing the role of G B (resp. G A ).
Let T 1 and T 2 be the connected components of the centres of G 1 and of G 2 respectively. Put H = T 1 × T 2 × G der 1 and consider the natural maps H → G 1 and H → G 2 . Via these maps, we consider V 1 and V 2 as representations of H. Replacing F by a finite extension, the representations ρ 1 and ρ 2 lift to maps
As the projections of σ 1 and σ 2 to H ad (Q p ) = G ad 1 (Q p ) = G ad 2 (Q p ) coincide, a further finite extension of F ensures that the projections of σ 1 and σ 2 to G der 1 are equal. It follows that after replacing F by such an extension, there exists a map σ : G F → H(Q p ) lifting ρ 1 and ρ 2 simultaneously. The representations of G F on V 1 and V 2 are the composites of σ with the (algebraic) representations of H on V 1 and V 2 respectively.
The groups T 1 and T 2 act on V 1 and on V 2 respectively and composing these representations with the projections H → T 1 resp. H → T 2 we obtain abelian representations V c 1 and V c 2 of H. The direct sum W = V 1 ⊕ V c 1 ⊕ V c 2 is a faithful representation of H and it follows that V 2 belongs to the subcategory of Rep Q p (H) ⊗-generated by W and its dual. Since V 1 is dual to V 1 (1), this implies that V 2 belongs to the subcategory of Rep Q p (H) which is ⊗-generated by V 1 and the representations with abelian image.
Fix an irreducible direct factor W 2 of V 2 . The preceding statement implies that there exist an integer d and an irreducible representation W 3 of H with abelian image such that W 2 is subobject of W 3 ⊗ V ⊗d 1 . Replace V ⊗d 1 by an irreducible direct factor W 1 such that there still exists an inclusion W 2 ֒→ W 3 ⊗ W 1 . As in 3.4 we show that the composite
is surjective. In fact W 3 ⊗ Q decomposes as a direct sum of character spaces and it is easily seen that every one of these contains a line lying in the image of the above map. As the Galois representations on W 1 and W 2 deduced from the lifting σ : G F → H(Q p ) are geometric, the same thing is true for W 2 ⊗ W ∨ 1 and this implies that the Galois representation on W 3 is geometric as well. As it has abelian image, it follows from [FM95, §6] that it is the representation associated to a motive in (CM) F and this means that W 2 lies in W 1 , (CM)-Rep(G F ) . We conclude by repeating this construction for all simple factors W 2 of V 2 .
4.8
We keep the above notations, i. e. F ⊂ C is a number field, A/F an abelian variety and G A its Mumford-Tate group, which is assumed to be connected. For each prime number p, we denote by ρ A,p :
Fix an algebraic group G over Q and a central isogeny G der → G der A and suppose that for every p in a set P of prime numbersρ p : Proof. We fix a faithful self-dual representation V of G and for each prime number p we write V p = V ⊗ Q Q p . As V generates the tannakian category of representations of G, it is sufficient to prove the corollary for the representations V p . Since B is essentially Mumford-Tate unliftable, it follows from theorem 2.5 that G der B is h-maximal. It follows that the map G der 
Corollary. Let A/F be an abelian variety and G A its Mumford-Tate group. Assume that G A is connected, let G be an algebraic group and let G der → G der
A be an isogeny satisfying the hypotheses of the theorem. Then, for every p ∈ P and every representation V p of G /Q p , the induced representation of G F on V p occurs in the p-adić etale realization of an abelian motive.
Proof. The remark and the theorem imply that there is is a finite extension F ′ of F such that the representation of G F ′ on V p occurs in the p-adicétale realization of an object M ′ of (AV) F ′ . The representation of G F on V p then occurs in the p-adić etale realization of the Weil restriction Res F ′ /F M ′ , which is also in (AV) F .
Abelian varieties with Mumford-Tate group of type D
The following notations and hypotheses will be in force until remark 5.7. We let A/C be a simple abelian variety and (G A , h A ) the associated Mumford-Tate datum. This implies that G A is connected. We assume throughout that A is essentially Mumford-Tate unliftable, Mumford-Tate decomposed and that G A is of type D H k with k ≥ 4. It follows that there exist a totally real number field K 0 and an absolutely simple algebraic group G s /K 0 such that G der A = Res K 0 /Q G s . By assumption, the group G s /K 0 is h-maximal in the sense of 2.3. The representation of G der A on H 1 B (A(C), Q) decomposes over Q as the direct sum of the standard (orthogonal) representations of the different factors of G der A/Q . As in [Del79] and in §2 of this paper, denote by I = {ι : K 0 ֒→ C} the set of complex embeddings of K 0 . As K 0 is totally real, I is also the set of real embeddings of K 0 . The Dynkin diagram of G der A/C is a disjoint union, indexed by I, of diagrams of type D k . The Hodge cocharacter µ A : G m/C → G /C associated to A projects trivially on some factors of G ad /C . On the other factors, the conjugacy class of the projection is dual to one of the vertices α k−1 or α k (or possibly α 1 if k = 4) of the corresponding component of the Dynkin diagram. Without loss of generality, we will henceforth assume that, on these factors, it corresponds to α k . As in section 2, let I c ⊂ I be the set of embeddings corresponding to the factors onto which µ A projects trivially and let I nc = I − I c . Recall that I c is the set of embeddings ι : K 0 ֒→ R such that the factor of G der A/R corresponding to ι is compact and I nc is the set of real embeddings of K 0 for which the corresponding factor of G der A/R is non-compact. As the Hodge filtration and its complex conjugate are opposite filtrations, the complex conjugate of µ is conjugate to µ −1 , up to a central cocharacter. This implies that complex conjugation acts on the Dynkin by the main involution and this implies that it acts trivially if k is even and exchanges α k−1 and α k on every factor if k is odd. This implies that G Q (or Aut(C)) acts on the Dynkin diagram through Gal(K/Q) for a number field K ⊃ K 0 with [K : K 0 ] = 1 or 2 and which is totally real if k is even, a CM field if k is odd. In particular [K : K 0 ] = 2 if k is odd. Note that the statement is also true for k = 4, because it follows from the definition of the case D H 4 (see 2.3) that the vertices α 1 of the connected components of the Dynkin diagram form a G Q -orbit, so the stabilizer of a connected component is of order at most 2.
Construction of G andμ.
We aim to construct an algebraic group G/Q such that G der is simply connected and that G ad = G ad A , together with a cocharacter µ of G /C such thatπ ad •μ = π ad • µ. The argument is strongly inspired by [Del79] , see also the proof of theorems 2.5 and 2.8. Here, as before, π ad andπ ad are the projections G A → G ad A and G → G ad A respectively. Let G s /K 0 be the simply connected cover of G s . Consider the direct sum of the representations of G s /Q with highest weights ̟ k−1 and ̟ k . A multiple of that representation can be defined over K 0 , let W s be the resulting representation of G s . By construction, there is a decomposition W s ⊗ K 0 K = W s 1 ⊕ W s 2 , where W s 1 (resp. W s 2 ) is a multiple of the representation with highest weight ̟ k−1 (resp. ̟ k ). A non-trivial element of Gal(K/K 0 ) exchanges the factors W s 1 and W s 2 of this decomposition. If [K : K 0 ] = 2, then the composite map W s ⊂ W s ⊗ K 0 K ։ W s 1 is an isomorphism of K 0 -vector spaces and endows W s with a structure of K-vector space.
Put G der = Res K 0 /Q G s and let W be the rational representation of G der deduced from W s . Since W is the underlying Q-vector space of W s , it carries a structure of K-vector space. The cocharacter π ad • µ of G ad /C lifts to a quasicocharacter ν of G der /C , cf. 1.1.
Lemma. There is a decomposition
such that, for each ι ∈ I, the representation W
2 ) is a multiple of the irreducible representation with highest weight ̟ k−1 (resp. ̟ k ) of the factor of G der can easily be deduced from the information collected in [Del79, Table 1 .3.9], it is the rational number corresponding to ̟ k−1 resp. ̟ k in that table. The lowest weight of ν on W (ι) 1 is the opposite of the number corresponding to ̟ k−1 if k is even and the opposite of the number corresponding to ̟ k if k is odd. For W (ι) 2 , the converse is the case.
We continue the construction of G andμ. The case where k is even and the case where k is odd will be treated separately.
5.4
The case where k is even. In this case, K is totally real and either K = K 0 or [K : K 0 ] = 2. Let L ′ be a totally imaginary quadratic extension of K 0 , put L = KL ′ and define the algebraic torus T L over Q by T L = ker(N L/K ) ⊂ L × , where N L/K : L × → K × is the field norm. The group T L naturally acts on L and this gives rise to a Q-linear representation V L of T L . We have a natural structure of K-vector space on V L . For each embedding ι : K ֒→ C we choose a complex embedding of L extending ι and this gives an identification
where I is the set of complex embeddings of K.
From now on, we will further distinguish the cases where [K : K 0 ] = 1 and where [K : K 0 ] = 2. The subcase where K = K 0 . Consider the decomposition (5.3. * ) of W ⊗ Q C.
Since W s = W s 1 ⊕ W s 2 is a decomposition of W s as a direct sum of K 0 -vector spaces, we obtain a Q-linear decomposition W = W 1 ⊕ W 2 . For ι ∈ I nc , the weights of ν on W (ι)
. For the weights on W (ι) 2 , the converse is the case. Let T = T L × T L and define W 3 (resp. W 4 ) be the representation of T given by the action of the first (resp. the second) factor T L on V L . We define a quasicocharacter
where ν L (z) ι is the component of ν L (z) in the factor of T /C corresponding to ι ∈ I. Finally, let V be the representation of G der × T defined by
and let G be the image of G der × T in GL( V). This will not cause any confusion, since G der acts faithfully on V, so the derived group of G is G der . The weights of (ν, ν L ) on V are in Z, so the projection of the quasi-cocharacter (ν, ν L ) from G der × T to G is a true cocharacterμ of G. By construction, π ad •μ =π ad • ν = π ad • µ, so we have constructed the couple ( G,μ) in this particular subcase. The subcase where [K : K 0 ] = 2. The structure of K-vector space on W gives rise to a decomposition
Recall that I is the set of complex embeddings of K. Put I c = {ι ∈ I |ι |K 0 ∈ I c } and I nc = {ι ∈ I |ι |K 0 ∈ I nc }. Forι ∈ I c , the weights of ν on W (ι) are all 0, for ι ∈ I nc , these weights are either in Z or in 1 2 + Z. Let I nc,1 be the set ofι ∈ I nc where the former possibility occurs and I nc,2 its complement in I nc . Note that for any ι ∈ I nc one of the embeddings K ֒→ C restricting to ι lies in I nc,1 and the other one lies in I nc,2 .
This time we define a quasi-cocharacter
As above, ν L (z)ι is the component of ν L (z) in the factor of T L/C corresponding toι ∈ I. Finally, let V = W ⊗ K V L as representation of G der × T and let G be the image of G der × T in GL( V). Once again, there is no risk of confusion, because the derived group of G is G der . Since the weights of (ν, ν L ) on V are in Z, the projection of (ν, ν L ) from G der × T to G is a true cocharacterμ of G. By construction,π ad •μ =π ad • ν = π ad • µ, so this achieves the construction of the couple ( G,μ) in the case where k is even.
5.5
The case where k is odd. In this case, K is a totally imaginary quadratic extension of K 0 . In order to unify this case with the previous one as much as possible, we put L = K. Let T L be the Q-algebraic torus ker(N L/K 0 ), where N L/K 0 : L × → K × 0 is the field norm. As in the beginning of 5.4, the action of T L on L by multiplication on the left gives rise to a representation V L of T L .
We again consider the decomposition (5.4. * ) and the subsets I c and I nc of the set I of complex embeddings of K = L. By lemma 5.3, the weights of ν on W (ι) are either in 1 4 + Z or in − 1 4 + Z forι ∈ I nc and trivial forι ∈ I c . Let I nc,1 the set ofι ∈ I nc for which the weights of ν on W (ι) are in 1 4 + Z and let I nc,2 be the complement of I nc,1 in I nc . For each ι ∈ I nc , one of the embeddings K ֒→ C restricting to ι lies in I nc,1 and the other one lies in I nc,2 . Thus, the map r : I → I given byι →ι |K 0 induces a bijection of I nc,1 with I nc . For I c , we arbitrarily fix a subset I c,1 ⊂ I c such that r induces a bijection of I c,1 with I c .
Putting I 1 = I nc,1 ∪ I c,1 , we get an identification
Under this identification the factor G m/C corresponding toι acts on the factor of V L/C corresponding toι by multiplication in caseι ∈ I 1 and by multiplication with the inverse ifι ∈ I 1 .
The quasi-cocharacter ν L :
we put V = W ⊗ L V L as representation of G der × T and again let G be the image of G der × T in GL( V). As before, the derived group of G is G der and the projection of (ν, ν L ) from G der × T to G is a true cocharacterμ of G. We obviously have equalitiesπ ad •μ =π ad • ν = π ad • µ, so this settles the construction of the couple ( G,μ) in this case.
The preceding discussion establishes the following theorem.
Theorem. Let A/C be a simple abelian variety, (G A , h A ) its Mumford-Tate datum and µ A the Hodge cocharacter associated to A. Assume that A is essentially Mumford-Tate unliftable and that G A is of type D
Then there exist an algebraic group G with G der simply connected, an identification G ad = G ad A and a cocharacter µ : G m/C → G /C such thatπ ad •μ = π ad • µ A . 5.7 Remark. In all cases above, the group T L/R occurring in the construction of G is compact. It thus follows that G ab /R is compact.
5.8
Suppose that F ⊂ C is a number field and that A is an abelian variety over F with connected Mumford-Tate group such that the conditions of the theorem are verified for A /C and its Mumford-Tate datum (G A , h A ). Let G andμ be as in the conclusion of the theorem. Let G ab = G/ G der and define µ ab to be the composite of the cocharacter µ : G m/C → G /C with the natural projection G /C → G ab /C . Let h ab : S → G ab /R be the map defined by h(z) = µ ab (z)µ ab (z). It follows from the remark 5.7 that G ab /R is compact. As the weight G m/R ⊂ S → G ab /R is trivial, the proposition [Del72, 2.11] implies that h ab defines a polarizable Hodge structure on any Q-linear representation V ab of G ab .
Fix a faithful rational representation V ab of G ab . It follows from proposition A.1 of [Del82b] and the remark preceding it that the Hodge structure on V ab is the Betti realization of an absolute Hodge motive M ab /Q belonging to (CM) Q . Replacing F by a finite extension and fixing an embedding F ⊂ Q we can assume that M ab /Q descends to a motive M ab over F. At the cost of a further finite extension of F, we can also assume that G ab is the Mumford-Tate group of M ab . This implies that for every p, the p-adic realization of M ab factors through a map ρ ab p : G F → G ab (Q p ). Note that the ρ ab p form a compatible system of representations (see 6.7) and that the ρ ab p do not depend on the choice of the representation V ab of G ab .
For each prime number p, let Σ p be the set of p-adic places of F. There is a finite set Σ of places v of F such that A and M ab have good reduction outside Σ. For every prime number p, the representations ρ A,p andρ ab p are unramified at all v ∈ Σ ∪ Σ p . For any finite extension F ′ of F, let Σ ′ p be the set of p-adic places of F ′ and let Σ ′ be the set of places lying over the v ∈ Σ.
Let G ′ = G ad A × G ab and let π ′ : G → G ′ be defined by the projections of G onto G ab and G ad A = G ad . For each p, define ρ ad p = π ad • ρ A,p :
5.9
Corollary. There exist a finite extension F ′ of F and a system of geometric Galois
The system (ρ p ) can be chosen in such a way that eachρ p is unramified at v for each v ∈ Σ ′ ∪ Σ ′ p . For each prime number p, the representationρ p is a weak geometric lift of ρ A,p and it is essentially geometrically unliftable.
Proof. Since G A is the Mumford-Tate group of A, the adjoint representation of G A gives rise to a motive M ad belonging to the subcategory of Mot AH (F) which is ⊗-generated by h 1 (A) and the Tate motive. The Mumford-Tate group of M ad is the adjoint group G ad = G ad .
Consider the object M ′ = M ad × M ab of Mot AH (F). By construction, its Mumford-Tate group is G ′ and the Hodge cocharacter µ ′ : G m/C → G ′ /C associated to its Betti realization is the product (µ ad , µ ab ). It follows that µ ′ = π ′ /C •μ. On the other hand, for each p, the Galois representation on the p-adic realization of the motive M ′ is the above map ρ ′ p . The motive M ′ is an abelian motive, so it follows from [Bla94, theorem 0.3] that the p-adic comparison maps linking the p-adic and the DeRham realizations of M ′ are compatible with absolute Hodge classes. The main theorem 2.1.7 of [Win95] implies that there is a finite extension F ′ ⊃ F such that every (ρ ′ p ) |G F ′ lifts to a representationρ p : G F ′ → G(Q p ) satisfying the conditions of the corollary.
It is clear from the above that, for each p, the mapρ p provides a weak geometric lift of ρ A,p . As G der is simply connected, it is also clear that theρ p are essentially geometrically unliftable.
5.10 Definition. The representationsρ p constructed as in the corollary from Mumford-Tate decomposed abelian varieties will be called representations of lifted abelian D H k -type.
Corollary. Let F ⊂ C be a number field and A/F an abelian variety with connected Mumford-Tate group G A and associated system of Galois representations (ρ A,p ).
Then there exist an linear algebraic group G over Q such that G der is the universal cover of G der A , a finite extension F ′ of F and a system of weak geometric lifts
of the restrictions to G F ′ of the ρ A,p .
Proof. By theorem 2.8 and proposition 3.1, there exist a number field F ′ and an essentially M-T unliftable and M-T decomposed weak Mumford-Tate lift B/F ′ of A with connected Mumford-Tate group G B . It follows from proposition 4.5 that the system of Galois representations (ρ B,p ) associated to B is a system of weak geometric lifts of the system (ρ A,p ).
Let B /C ∼ ∏ B i/C be the isogeny decomposition as in definition 2.6. After enlarging F ′ , we can assume that this decomposition exists over F ′ . In that case,
the representation of lifted abelian D H
k -type resulting from by corollary 5.9, replacing F ′ by a finite extension again if necessary. Let G = ∏ G i and let ρ p : G F ′ → G(Q p ) be the product of the mapsρ i,p .
For each prime number p, the representationρ p is a weak geometric lift of ρ B,p and therefore also of ρ A,p . As G der is simply connected, the corollary follows.
Corollary.
Let F be a number field, M an abelian motive and ρ ′ : Proof. As in the proof of lemma 4.7 it is sufficient to prove the corollary after replacing F by a finite extension and for one fixed faithful self-dual representation
Let A be the essentially Mumford-Tate unliftable and Mumford-Tate decomposed abelian variety supplied by applying corollary 3.6 to M, so M is an object of h 1 (A), Q(1) . This inclusion corresponds to a map G A → G M . Suppressing isogeny factors of A, we can assume that the induced map G der A → G der M is an isogeny. After replacing F by a finite extension, define the group G and the representationρ p : G F → G(Q p ) as in the proof of 5.11. As G der is the simply connected cover of G der A , the isogeny
lifts to an isogeny G der → G ′der . This results in an identification of the adjoint groups G ′ad = G ad M = G ad A = G ad and, by construction, the projections to G ad M (Q p ) of the representations ρ ′ p , ρ M,p , ρ A,p andρ p all coincide. The corollary now follows from lemma 4.7 with
6 Galois representations of lifted abelian D H k -type 6.1 We keep the notations of 5.8, in particular A/F is essentially Mumford-Tate unliftable, G A is of type D H k and G is the group constructed in theorem 5.6. We will also assume A to be Mumford-Tate decomposed. Let F ′ and (ρ p ) be the number field and the system of Galois representations constructed in corollary 5.9. Replacing F by F ′ , this is a system of representationsρ p : G F → G(Q p ) and eachρ p provides a weak geometric lift of ρ A,p : G F → G A (Q p ). 6.2 Theorem. Letρ p : G F → G(Q p ) be a representation of lifted abelian D H k -type, constructed as weak geometric lift of the representation ρ A,p as in 6.1, with k ≥ 5. Assume moreover that ρ A,p (G F 
Proof. Replace F by a finite extension and assume that the representation of G F on V p belongs to (AV)-Rep Q p (G F 
At the cost of a further finite extension of F, we can assume H to be connected. The fact that V p belongs to the tannakian category generated by the V j implies that there is a surjection π p : H → G /Q p such thatρ p = π p • σ.
For any p-adic place v of F, the cocharacter µρ p ,v : G m/C p → G /C p associated to the Hodge-Tate decomposition corresponding to ρ p |I v lifts to the cochar-the Hodge cocharacter acts with only two weights. It is left to the reader to verify the following statement, whose proof is completely analogous to the proof of theorem 6.2.
Proposition.
Let notations and hypotheses be as in theorem 6.2, but with k = 4.
Let V be a faithful Q-linear representation of G. Then there is no finite extension F ′ of F such that the representation of G F ′ on V ⊗ Q p induced byρ p belongs to the category (AV)-Rep Q p (G F ′ ). 6.6 Remark. In the situation of the proposition, assume that p is a prime number such that the image of G Q p in the automorphism group of the Dynkin diagram is equal to the image of G Q in this automorphism group. Then the statement of the proposition (and of the theorem) holds for every Q p -linear representation V p of G /Q p . If G Q acts on the Dynkin diagram of G Q through a cyclic group, then the images of G Q and G Q p in the automorphism group of the Dynkin diagram coincide for infinitely many p.
On the other hand, there also exist examples of Galois representations of lifted abelian D H 4 -type, where the theorem fails for every p. One can find an example of this situation by taking an abelian variety for which G Q acts on the Dynkin diagram of the Mumford-Tate group through (Z/2Z) 2 . For every prime number p, the image of G Q p in the automorphism group of the Dynkin diagram is then of order at most 2.
Frobenius elements.
Let v be a valuation of F. By Fr v ∈ G F , we will denote a geometric Frobenius element at v, i. e. an element of the decomposition group of a placev ofF lying over v such that, on the residue fieldk v ofF atv, Fr v induces the inverse of the map x → x q v , where q v is the order of the residue field k v of F a v. Note that Fr v is defined only up to conjugation and up to multiplication by an element of I F,v . This implies that the image of Fr v in a representation which is unramified at v is defined up to conjugation and that the eigenvalues and the characteristic polynomial of the image of Fr v in such a representation are well defined.
Let V p be a Q p -linear representation of G F on anétale cohomology group of a proper and smooth F-variety and let v be a place where this variety has good reduction. It follows from the Weil conjectures, proved by Deligne, that the eigenvalues of a Frobenius element Fr v at v are algebraic integers and that all complex absolute values of all these eigenvalues coincide. If the Fontaine-Mazur conjecture is true, then every geometric representation of G F should have this property. We will verify this for the representations of lifted abelian D H ktype. It is also shown that Fr v acts semi-simply in any representation of lifted abelian D H k -type, a property which is conjectured for all representations coming from the cohomology of algebraic varieties.
The Weil conjectures also imply that, for varying p, the p-adicétale cohomology groups of a proper and smooth variety form a compatible system (V p ) of Galois representations. This means that there is a finite set Σ of valuations of F such that V p is unramified at v for all v ∈ Σ with v(p) = 0 and that for all v ∈ Σ there is a polynomial P v ∈ Q[X] which is equal to the characteristic polynomial of Fr v acting on V p for all p with v(p) = 0. We will show that this is almost the case for the representations of lifted abelian D H k -type. It should be pointed out that this property does not follow from the conjecture of Fontaine and Mazur. However, combined with the Mumford-Tate conjecture, the Fontaine-Mazur conjecture implies that for any geometric p-adic representation W p of G F , there should exist a number field E and a compatible system (indexed by the primes p of E) of E p -linear representations of G F such that W p occurs in this system. Then, for each v ∈ Σ ∪ Σ p , the Frobenius elementρ p (Fr v ) acts semi-simply on V p = V ⊗ Q p and its eigenvalues are algebraic integers with all complex absolute values equal to 1.
Proof. It suffices to prove the proposition for the faithful representation V constructed in section 5 and after replacing F by a finite extension. Letρ p be lifted from the representation associated to the M-T decomposed and M-T unliftable abelian variety A/F, with Mumford-Tate group G A . The derived group G der A is of the form Res K 0 /Q G s,der and G der = Res K 0 /Q G s,der where G s,der is the universal cover of G s,der . By construction, the representation V carries a structure of K 0 -vector space compatible with the structure of a Weil restriction on G der , so the action of G on V commutes with the action of K 0 .
It is enough to prove the proposition for the representation of G F on the tensor product W p = V p ⊗ K 0,p V p , where K 0,p = K 0 ⊗ Q Q p . The representation of G der /Q p on W p factors through a representation of G der A/Q p . In fact, W p is a faithful representation of G der A/Q p , but this plays no role in what follows. By theorem 4.9, W p occurs in the p-adic realization of an abelian motive M. The proof of 4.9 even shows that we can find such a motive M in the subcategory of (AV) F generated by h 1 (A) and (CM) F so it follows that M has potentially good reduction at v for each v ∈ Σ ∪ Σ p . After replacing F by a finite extension, we can assume that M has good reduction at all v ∈ Σ ∪ Σ p . This implies that for any such valuation v, the Frobenius elementρ p (Fr v ) acts semi-simply on W p and that each eigenvalue λ is an algebraic integer with all complex absolute values of the form Nv w(λ)/2 , where Nv is the cardinal of the residue field of F at v and w(λ) is an integer.
To show that all w(λ) are equal to 0, it suffices to show that the Betti realization of M is pure of weight 0. This realization can be determined as follows. The cocharacterμ constructed in 5.6 defines a maph C : S /C → G /C given byh C (z,z) =μ(z)μ(z). This map descends to a maph : S → G /R lifting h ad A : S → G ad A and these data define a Hodge structure on V on which K 0 acts by endomorphisms. The tensor product W = V ⊗ K 0 V is a representation of G der A , and the Hodge structure on W derived from the Hodge structure on V is the Hodge structure on the Betti realization of the abelian motive M. Sinceμ and its complex conjugate are inverse to each other, it follows that the Hodge structure on V is of weight 0 and thus the same thing holds for W.
6.9
We keep the notations of proposition 6.8. In particular, Σ is the set of places of bad reduction defined in 5.8. For the representation V however, we fix the Q-linear representation of G constructed in 5.4 or 5.5 according to the parity of k. The rest of the paper concerns the variation of the characteristic polynomials of theρ p (Fr v ) on the V p = V ⊗ Q p , for a fixed valuation v ∈ Σ of F and varying p with v(p) = 0. We will deduce our result on the characteristic polynomials from the statement 6.12 which is independent of the choice of a representation of G.
As in the proof of proposition 6.8, assume thatρ p is lifted from the representation associated to the Mumford-Tate decomposed and essentially M-T unliftable abelian variety A/F, with Mumford-Tate group G A . Without loss of generality, we can assume that G A is of the type constructed in remark 2.9.2. We also keep the notations G der A = Res K 0 /Q G s,der and G der = Res K 0 /Q G s,der , for a totally real number field K 0 and semi-simple groups G s,der and G s,der over K 0 . As explained in 2.9.2, there is a totally imaginary quadratic extension L of K 0 such that G A is isogenous to a subgroup of G der A × L × . It follows from loc. cit. that L is contained in the centre of End 0 (A /C ) = End(A /C ) ⊗ Z Q. In this case, there exists a linear algebraic group G s over K 0 such that G = Res K 0 /Q G s Let N ⊂ G der ⊂ G be the centre of G der . It is the kernel of the natural map G → G ′ = G ad × G ab . There is an isomorphism N ∼ = Res K 0 /Q N s , where N s is the centre of G s,der , a finite group scheme over K 0 of order 4, geometrically isomorphic to (Z/2Z) 2 if k is even and to Z/4Z if k is odd. Note that, by construction, eachρ p is determined up to a finite character G F → N(Q p ) which is unramified outside Σ ∪ Σ p .
For each valuation v of F, each prime number p and each ε ∈ N(Q p ), let P v ε,p (X) ∈ Q p [X] be the characteristic polynomial
We write P v p (X) = P v 1,p (X) for the characteristic polynomial ofρ p (Fr v ).
6.10 Proposition. There exists a set Σ Fr ⊃ Σ of valuations of F, of Dirichlet density 0 such that the following property holds. For each v ∈ Σ Fr there is a polynomial P v ∈ Q[X] such that for every prime number p with v(p) = 0, one has P v ε,p = P v for some ε = ε p ∈ N(Q p ). Proofs. The corollary easily follows from the proposition. To prove the proposition we will reformulate the result in terms of the the quotient variety of G by a subgroup Aut ′ ⊂ Aut( G der ).
If k ≥ 5, we put Aut ′ ( G s,der ) = Aut( G s,der ) and Out ′ ( G s,der ) = Out( G s,der ). If k = 4 then Out( G s,der ) ∼ = S 3 , acting naturally on the vertices α 1 , α 3 , α 4 of the Dynkin diagram. Let Out ′ ⊂ Out( G s,der ) be the stabiliser of α 1 and Aut ′ ( G s,der ) the inverse image of Out ′ in Aut ( G s,der ).
In either case, Aut ′ ( G s,der ) is an extension of Out ′ ( G s,der ) ∼ = Z/2Z by G s,ad . It acts on the centre of G s,der through its quotient Out ′ ( G s,der ) and by going L × on L by left multiplication and V s is a multiple of the representation of G s,der of highest weight ̟ 1 . It follows in particular that L lies in the centre of End 0 (A /C ) = End(A /C ) ⊗ Z Q.
Since v ∈ Σ, the abelian variety A has good reduction A v at v so we can identify End 0 (A /C ) = End 0 (A v ) and we obtain an embedding L ⊂ End 0 (A v ). Let π v : A v → A v be the Frobenius endomorphism. For each prime number p different from the residue characteristic at v, there is a canonical L-equivariant identification H 1 et (AF, Q p ) = Hé t (Av, Q p ), where Av is the base extension of A v to the algebraic closure of the residue field of F at v. Under this identification, the action of ρ p (Fr v ) on the left hand side corresponds to the action of π v on the right hand side.
Since π v is semi-simple and lies in the centre of End 0 (A v ), the subalgebra M = L[π v ] ⊂ End 0 (A v ) is a product of number fields M i . Each M i is of the form Q(α i ) for some α i ∈ End 0 (A v ) and it is a standard fact (cf. [Mum70, §19, theorem 4]) that the characteristic polynomial of α i acting on Hé t (Av, Q p ) has coefficients in Q and is independent of p. This implies that there exists an M-module U v such that for every prime number p with v(p) = 0 there is an isomorphism Hé t (Av, Q p ) ∼ = U v ⊗ Q Q p of M ⊗ Q Q p -modules. Let Q[X] ∈ L[X] be the characteristic polynomial of π v ∈ M acting on U v as an L-linear endomorphism. For every p, the characteristic polynomial of ρ(Fr v ), acting L ⊗ Q Q p -linearly on H 1 et (AF, Q p ) is equal to Q. Consider the application G s,der /Q → A n /Q corresponding to the characteristic polynomial in the representation with highest weight ̟ 1 . It induces an immersion on the quotient of G s,der for the action of Aut ′ (G s,der ), so it induces an immersion Cl(G A ) → Res L/Q A n L . The fact that Q is the characteristic polynomial of ρ(Fr v ) for every v ∈ Σ implies that Q is the image in Res L/Q A n L of an element Cl(Fr A,v ) ∈ Cl(G A )(Q) and that this element Cl(Fr A,v ) verifies the condition of the lemma.
Corollary. For each v ∈ Σ, there is an element
such that for every prime number p with v(p) = 0 we have Cl(ρ ′ p )(Fr v ) = Cl(Fr ′ v ).
Proof. By corollary 5.9, the ρ ab p : G F → G ab (Q p ) form a compatible system, so all ρ ab p (Fr v ) are defined over Q and coincide. This gives rise to an element
In the case where M ′ ∼ = N s , there are two possibilities, M ′ is geometrically isomorphic to either (Z/2Z) 2 or Z/4Z. In both cases the group scheme becomes trivial over an extension of degree (at most) 2. If M ′ is already trivial over K 0 , then the above argument applies. If M ′ is geometrically isomorphic to (Z/2Z) 2 and trivial over the quadratic extension K ⊃ K 0 , then M ′ is a Weil restriction and the lemma follows by the same argument as before.
We are left with the case where M ′ K ∼ = (Z/4Z) K for a quadratic extension K ⊃ K 0 . The proof in this case, which also applies in the other cases where M ′ ∼ = N s , makes use of the long exact cohomology sequences associated to the short exact sequence 1 → µ 2 → M ′ → µ 2 → 1 ofétale sheaves on Spec(K 0 ). This gives a commutative diagram with exact rows,
Here all H 1 areétale cohomology groups over the spectrum of the specified field. These groups can be identified with the corresponding Galois cohomology groups. The products in the second row are over all p ∈ P ′ . The image of i identifies with K × 0 / K ×2 0 , α for some α ∈ K × 0 , where K ×2 0 , α is the subgroup of K × 0 generated by α and the squares in K × 0 . Similarly, the image of each i p is identified with K × 0,p / K ×2 0,p , α . If x ∈ ker loc M ′ , then the injectivity of loc µ 2 implies that x lies in the image of i. Let y ∈ K × 0 represent the preimage of x in K × 0 / K ×2 0 , α . Since x ∈ ker loc M ′ , the element y lies in K ×2 0,p , α for each p ∈ P ′ , so y is a square in K 0 ( √ α) locally at each place above a p ∈ P ′ . It follows that y is a square in K 0 ( √ α), hence it maps to 1 in K × 0 / K ×2 0 , α .
Proof of proposition 6.12. The map G → G ′ induces a map pr : Cl( G) → Cl(G ′ ). Obviously,
For the groups G and G ′ , let Conj ( G) and Conj(G ′ ) be the varieties of geometric conjugacy classes, i. e. the quotients for the actions of G ad . Note that Cl( G) (resp. Cl(G ′ )) is the quotient of Conj( G) (resp. Conj(G ′ )) by Out ′ ( G) and that there is a commutative diagram
There is a Zariski closed subset B ⊂ Cl(G ′ ) such that Conj(G ′ ) → Cl(G ′ ) and pr are both unramified outside B. Let Cl(Fr ′ v ) be as in corollary 6.14. Then there is a set Σ Fr of places of F of Dirichlet density 0 such that Cl(Fr ′ v ) ∈ B(Q) if and only if v ∈ Σ Fr . To prove the proposition, it suffices to show that for every v ∈ Σ Fr , the fibre of pr over Cl(Fr ′ v ) contains an element Cl( Fr v ) ∈ Cl( G)(Q). Fix v ∈ Σ Fr . The fibre of Conj(G ′ ) → Cl(G ′ ) over Cl(Fr ′ v ) is a Out ′ -torsor which admits a Q p -valued point Conj(ρ ′ p (Fr v )) for almost every p. It follows from lemma 6.15 that there exists Conj(Fr ′ v ) ∈ Conj(G ′ )(Q) above Cl(Fr ′ v ). The fibre of Conj( G) → Conj(G ′ ) over this element is a N-torsor. As this fibre identifies with pr −1 (Cl(Fr ′ v )), this last fibre is also a N-torsor. It has a Q p -valued point Cl(ρ p (Fr v )) for almost every p, so promised the existence of Cl( Fr v ) ∈ Cl( G)(Q) follows from another application of lemma 6.15.
